We give approximate counting formulae for the numbers of labelled general, treechild, and normal (binary) phylogenetic networks on n vertices. These formulae are of the form 2 γn log n+O(n) , where the constant γ is 3 2 for general networks, and 5 4 for tree-child and normal networks. We also show that the number of leaf-labelled tree-child and normal networks with leaves are both 2 2 log +O( ) . Further we determine the typical numbers of leaves, tree vertices, and reticulation vertices for each of these classes of networks.
Introduction
Ever since Darwin's publication of the Origin of Species in 1859, phylogenetic (evolutionary) trees have been used to represent the ancestral history of a collection of present-day species. However, it is now well-known that the ancestral history for certain collections of species is more realistically represented by a phylogenetic network rather than a phylogenetic tree because of evolutionary processes such as recombination and hybridisation. Mathematically, phylogenetic networks provide a much more significant challenge and, indeed, relatively little is known about these objects. For example, the number of leaf-labelled binary phylogenetic trees with leaves has been known since Schröder's work in 1870, and this also gives the number of such trees on n labelled vertices -see (1.1) and (1.3) below. In contrast, the number of binary phylogenetic networks on n labelled vertices is unknown, and similarly for subclasses like tree-child networks.
The purpose of this paper is to investigate some of the combinatorial properties of phylogenetic networks. In particular, we provide some answers to the problems of counting the numbers of phylogenetic networks and of determining the typical proportions of vertices of different kinds. The rest of the introduction contains some necessary preliminaries and the statements of the main results. For a finite set X, a phylogenetic network on X is a rooted acyclic directed graph with the following properties:
(i) the (unique) root is a vertex with in-degree zero and out-degree two; (ii) a vertex with out-degree zero has in-degree one, and the set of vertices with out-degree zero is X; and (iii) all other vertices either have in-degree one and out-degree two, or in-degree two and out-degree one.
We do not allow parallel edges. However, for technical reasons, we do allow a singleroot vertex to be a phylogenetic network. From now on, a network will always mean a phylogenetic network. For a network N on X, we refer to the vertices of out-degree zero as the leaves of N and the set X as the leaf-label set of N . As an example, two phylogenetic networks are shown in Figure 1 . For both networks, the leaf-label set is {a, b, c, d}. Since there are no directed cycles, there is always a directed path from the root to any vertex and from any vertex to some leaf. Vertices with in-degree one and out-degree two are tree vertices, while vertices with in-degree two and out-degree one are reticulation vertices. Biologically, the leaves represent present-day species, while all other vertices represent (hypothetical) ancestral species. A reticulation vertex represents, for example, a hybrid species.
A directed edge uv is a reticulation edge if v is a reticulation vertex; otherwise uv is a tree edge. Strictly speaking, N is a binary phylogenetic network as we are not allowing the out-degree of a tree vertex to be more than two or the in-degree of a reticulation vertex to be more than two. As a comparison, a binary phylogenetic tree on X is a network with no reticulation vertices.
